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The p rob lem of the s y m m e t r i c  convect ive heating of a plate, cyl inder ,  and sphere  with a 
t ime-dependent  h e a t - t r a n s f e r  coefficient is  solved by the method of averag ing  functional 
co r rec t ions .  

The analyt ic  study of the convect ive heating p rocess  with a t i m e - v a r y i n g  h e a t - t r a n s f e r  coefficient 
r equ i r e s  the solution ef the Four i e r  equation 

. . . .  x "  (1) 
at x m ax 

descr ib ing  the s y m m e t r i c  heating of a plate (m = 0), cyl inder  (m = 1), or  sphere  (m = 2) with a boundary 
condition of the third kind cor responding  to Newton's  law 

- -  = a (t) [ T  a - -  T s ( t ) l .  
Ox 

(2) 

It is a s sumed  that  the coeff icients  a and ~, the ambient  t e m p e r a t u r e  Ta, and the initial  t e m p e r a t u r e  T O a re  
constants:  

T (x, O) = T o = consf. " (3) 

We shal l  s t ipulate  a second boundary condition la ter .  If  we introduce the d imens ion less  va r i ab l e s  

= x at cz (t)-R 
- - ;  " v = - - = F o ;  B i ( ~ )  = 
R R ~ ~, 

0 (~, ~ ) =  T(x, t) 
Ta 

and, following [1], the new function 

Eqs. (1)-(3) a r e  t r a n s f o r m e d  to 

u(~, z) = In [1 - -0(~,  "0], 

(4) 

(5) 

a. a,~ m a. ( a ~ .  (6) 
' a ~ - a ~  -~ ~ a~ + k a y ] '  

au ~=l= - -  Bi (~); (7) 
a t  

u (~, 0) = lu (1 - -  0o) = u o. (8) 

The t e r m  (au/0D 2 of Eq. (6) is  emit ted in [1], thus r e s t r i c t i ng  the d iscuss ion to thin bodies.  
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In a cco rd  with the convent ional  [2] eng inee r ing  model  of the heat ing  p r o c e s s  we cons ide r  two s u c c e s -  
s ive  s tages:  i ne r t i a l  (warming up of the body) and r e g u l a r  (heating ove r  the whole c r o s s  sect ion) .  The 
p rob l em is so lved by the method of ave rag ing  funct ional  c o r r e c t i o n s  [3-5]. 

Iner t ia l  Heat ing (0 _< T --< ~'0). We a s s u m e  that  the t e m p e r a t u r e  d i s t r ibu t ions  at  the  boundary  be tween 
the heated and unheated zones a r e  joined. In this  c a se  t he r e  mus t  be added to Eq. (6) with in i t ia l  condit ion 
(8) and boundary  condi t ion (7) the joining condi t ions 

whe re  

Ou ~=p(x) : O; 

(9) 

(10)  

P (r = r (t) ," (: 1) 
R 

r(t) is  the width of the unper tu rbed  zone of the c r o s s  sec t ion  of the body, i .e . ,  the d i s t ance  f r o m  the c e n t e r  
of the c r o s s  sec t ion  to the f ron t  of the moving  t h e r m a l  pe r tu rba t ion .  

As in [4, 5] we se t  

O~th = f, ('0, (12) 
O~ ~ 

w h e r e  

l 

1 ff [Oul { Ou) 2 m Oul] d~. (13)  
f~ ('0 = ----~l--p [ &: / O~ ] ~ a~ ] 

olx) 

In tegra t ing  (12) twice  with r e s p e c t  to ~ and us ing (9) and (10) we have 

(~, T) = u 0 2[1Bi (~) --P('O] [~--9('012 ( O ' ~ < l ) "  Ul (14) 

F r o m  (7) we find 

[l(x ) _ Bi (~) (15) 
1 - -  p (~) 

Substi tut ing (14) and (15) into (13) and making a number  of t r a n s f o r m a t i o n s  we find the fol lowing di f -  
f e r en t i a l  equat ion for  the r ema in ing  unknown funct ion p(1-): 

d 
dr {Bi (x) [1 - -  p (x)] ~} + 2  Bin (~)[1 - -  p (x)] = 6 (m + 1) Bi (z). (16) 

H e r e  by  analogy with [5] we have omit ted  the  t e r m s  containing the f ac to r  p(~-) In p(T). 

g (T) = ~, Bi (x) ~ (T), (17) 

(x) = 1 - -  p (x), (18) 

In t roducing the nota t ion 

(19) 

(20) 

(21) 

we r e w r i t e  Eq. (16) in  the f o r m  

dg 
g (-c) T T  + Si ('r) V~Bi (~) g ('r) = 3 (m + 1) Bi ('r). 

Equation (19) is  a spec ia l  c a se  of the  wel l -known Abel ' s  equat ion of the second kind [6]. 

Setting 

g(~) = v(~) + r  

r ('r) = - -  ~ B i  a/2 ('r) d~r, 
d 
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we obtain 

Iv (~) +(I) (1:)] v (x) = 3 (m + 1) Bi (z), (22) 

which, a c c o r d i n g  to [6], cannot  be in teg ra ted  in c losed  fo rm.  We obtain an a p p r o x i m a t e  solut ion of (22) 
by s e t t i n g t h e a d d i t i v e f u n c t i o n  6(~-) on the l e f t -hand  s ide  of (22) equal to some  a v e r a g e  value  ~ , .  This  is  
adm i s s ib l e  b e c a u s e  of the  t r a n s i e n t  na tu re  of the ine r t i a l  heat ing p roce s s .  

In this  c a se  the i n t eg ra l  of Eq. (22) is  

U 2 

- - -  ~- d),v = 3 (m A- l) ; Bi (~) d~ q- C. (23) 
2 

By us ing (20) and (17) Eq. (23) i s  r educed  to the fol lowing e x p r e s s i o n  fo r  the depth of pene t ra t ion  
of the  t h e r m a l  pe r t u rba t i on  

/ 6 (m -~- I) [ ;Bi (~) d'c ~- D] fi (~) V (24) 
v Bi (-r) 

w h e r e t h e  cons tant  D is  d e t e r m i n e d  f r o m  the obvious in i t ia l  condi t ion 

(0) = 0 (25) 

in each  spec i f i c  e a s e  the funct ion Bi(T) is  given. If we se t  Bi(~-) = const  in (24) 

1 - -  p (~) = [~(~) = V 6 (m q- 1) ~ ,  (26) 

which a g r e e s  with the r e s u l t s  in [5]. 

Thus  the p r o b l e m  of the i ne r t i a l  s tage  of the  heat ing has been  solved.  

Re tu rn ing  to the or ig ina l  nota t ion we can wr i t e  f ina l ly  

1- -01(  ~, z) exp / Bi(x)lS(x) (27) 
1 - -  0o ( 2 [. ~ ('0 ] 

If we se t  ~ = 1 in (27) we obtain the s u r f a c e  t e m p e r a t u r e  of the body 

0ts ('c)= I - - ( I -  Oo) exp { Bi (~)[3 (T)2 }' (28) 

In t roduc ing  the idea of the Biot number  f o r  a heated l aye r  with a t i m e - v a r y i n g  th ickness  fi (T) 

B~{ (~) = a (t) l (t) Bi (~) [3 (~), (29) 

Eq. (28) can be written in a form analogous to the corresponding formula of [5]- 

01s (~) = 1 - -  (1 - -  0o) exp . (:30) 

The dura t ion  of the f i r s t  s tage  of the heat ing can be d e t e r m i n e d  fo r  any given Bi(r) by se t t ing r = r 0 
and ~( r  0) = 1 in (24). 

R e g u l a r  Heat ing (r 0 _< ~- < ~). To inves t iga te  r e g u l a r  heat ing Eq. (6) mus t  be so lved with boundary  
condi t ion (7) and the  condi t ion fo r  the s y m m e t r y  of the heat ing 

a_s [ = o. (31) 

We se t  

a% s (~), 
0~ ~ 

l o_,qe . 
o 

(32) 

(33) 
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In tegra t ing  (32) twice with r e s p e c t  to ~ and using boundary  condit ions (7) and (31) we have 

B i  ('~) (1 - -  ~2). (34) u2 (~, "0 = "~  (~) + - ~ - -  

After  subst i tu t ing (34) into (33) and in tegra t ing  we obtain the fol lowing d i f fe ren t i a l  equat ion fo r  the 
unknown funct ion U2s (z) : 

d [u~s( '0- l -1  ] " d'~ ~ Bi (-r) = B123 (~) - -  (m -t- 1) Bi (-c), (35) 

which has  the solut ion 

U 2 s ( ~ ) = ; [  Bi2(z) ] 1 Bi(z)-~C'  3 ( m +  1)Bi('0 d ~ - - ~ -  

~o 

(36) 

whe re  the in tegra t ion  constant  C is  d e t e r m i n e d  f r o m  the ini t ia l  condi t ion 

Bi (%) 
u ~  (%) = r (~) = u0 

Setting T = T O in (36) and using (37) we find 

C : U o 
Bi (%) 

(37) 

(38) 

I f  we in t roduce  the notat ion 

we obtain f ina l ly  

cp(z)-- Bi(%) + - -  ( m + l )  Bi(~) d% (39) 
6 3 3 

To 

Bi (z) (1 - -  ~). (40) u2 (~_, ~) = U o - -  v (~) + 

Retu rn ing  to the or ig ina l  notat ion we have 

1--0,, (~ff) = exp t--r (~)-[- Bi~(~___~) ( I -  ~ ) / .  (41) 
1 - -  0 o [ 2 ] 

In heat  eng inee r ing  ca lcu la t ions  one is  gene ra l l y  i n t e r e s t e d  in the  t e m p e r a t u r e s  of the s u r f a c e  of the 
body and at  the  c en t e r  of i ts  c r o s s  sec t ion  

02s ('0 -- 1 - -  (1 - -  0o) e-~(~), (42) 
. .  Bi( '~) 

�9 --q)[.'~)-l- ~-  
0 ~ c  ('~) = 1 - -  ( 1 -  80) e (43) 

Thus the  p rob l em posed has been  so lved fo r  an a r b i t r a r y  continuous t i m e - v a r y i n g  h e a t - t r a n s f e r  
coef f ic ien t  a (t). 

Analys i s  of a number  of paper s  devoted to the p rob l em under  s tudy shows that  in m o s t  of t hem the 
s imples t  laws of va r i a t i on  of the h e a t - t r a n s f e r  coeff ic ient  have been  assumed .  Var ious  me thods  have been  
used: opera t iona l  [7, 8, 11], va r i a t i ona l  [9], f in i te  in tegra l  t r a n s f o r m s  [10], etc.  All  t hese  methods  lead 
to e x p r e s s i o n s  which a r e  r a t h e r  compl ica ted  fo r  p r ac t i ca l  use.  

Only in  [1] is  the p rob lem under  s tudy i l l u s t r a t ed  with a numer i ca l  example .  In the e x p r e s s i o n  fo r  
the Biot  number  

it  i s  a s s u m e d  that  

Bi ('0 = Bio - -  Bile -r (44) 

Bi o =  1,2; Bi 1=1 ,0 .  (45) 
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T A B L E  1. T e m p e r a t u r e  of the  S u r f a c e  0s(T) and in  the  C e n t r a l  

P l a n e  0c(T) a t  V a r i o u s  T i m e s  T 

Os(-C) . %('0 

_ 

[ 
0 , 0 0  t - -  - -  
o,o5 I - - 

0 , 1 0  I 
0,15 
0,212 I 
0,50 0226 0256 
1,00 0,678 0,714 
I,50 0,769 0,814 
2,00 0,847 0,898 
2,50 0,883 0,928 
3,00 0,021 0,954 
3 , 5 0  
4,00 , 0,990 
4,50 
5,00 

0,336 --  
O, 375 
0,4001 -- 
0,425 I 
0,451 t 
0 545 t --~,83 
0,680i --5,41 
0,778 ] --5,75 
0,848 [ --5,99 
0,894 [ --5,00 
0,925 1 --3,62 
0,948 ] ~3,15 
0,9641 --2,71 
0,975 --  
0,983 

--~,49 
--0,30 
--1,16 
--0, 12 
--1,23 
--0,43 
--0, 11 

0,00 

--  - -  O, 336 
--  ' - -  0,336 
--  - -  0,336 
--  - -  0,336 
_ _ 10,336 

0,400 0,397 0,390 
0,538 0 569 0,516 
0,662101702 0,638 
0,770 0,815 0,738 
0,83310,878 0,814 

[ 0,878 10,9281 0,868 
0,917 [ 0,956 1 0,907 
0,944 0,982 0,935 

- -  --  0,954 
- -  --  I 0,968 

+0,83 
--5,80 
--6, O0 
--5,81 
--5,35 
---5,68 
--4,18 
--4,04 

+2,56 
+4,36 
+3,78 
+4,34 
+2,34 
+1,10 
+1,10 
+0,96 

Only the  r e g u l a r  hea t ing  of a p l a t e  i s  c o n s i d e r e d ,  wi th  t he  i n i t i a l  r e l a t i v e  t e m p e r a t u r e  

00 : 0.336. (46) 

Us ing  the  v a r i a t i o n  of the  Blot  n u m b e r  g iven  in  (44) and the  n u m e r i e a l  v a l u e s  f r o m  (45) and (46) we 
d e t e r m i n e  the  t e m p e r a t u r e  of the  s u r f a c e  0s(T) and in  the  c e n t r a l  p lane  0c(T) of a p la t e  and c o m p a r e  the  r e -  
s u l t s  wi th  da t a  f r o m  [1] which  in  t u r n  a r e  c o m p a r e d  wi th  the  m o r e  a c c u r a t e  so lu t i on  ob ta ined  in  [12] by  the  

f i n i t e  d i f f e r e n c e  method .  

Subs t i t u t i ng  (44) in to  (24) g i v e s  
/ -  

[3(T) : ,  V 6(m-i- 1) Bi~ + Bi l [e-~--  1 ] B i  o -  Bi~e-~ (47) 

A s s u m i n g  tha t  the  d u r a t i o n  of the  i n e r t i a l  he a t i ng  s t a g e s  70 i s  r e l a t i v e l y  s h o r t  we expand exp (-To) in  
a power  s e r i e s  and r e t a i n  s e c o n d - o r d e r  t e r m s  T~(k _< 2): 

~ (48) 

Using the fact that/~(z0) = 1 w e  obtain from (47)  

To ] /1  + 2~y + ~"~;--( l --y) (49) 
* ) 

% =  I + %  Y 

w h e r e  

B i ,  T o 
--  Bi o - -  Bi~ ; (50) 

l 
T o 

6 ( m +  1) 

Equa t ion  (51) d e t e r m i n e s  the  d u r a t i o n  of  the  i n e r t i a l  hea t ing  s t a g e  of a p l a t e  fo r  o~ = cons t  [5]. A n a l y s i s  
of Eq. (49) shows  tha t  the  i n e r t i a l  hea t i ng  p r o c e e d s  m o r e  s l o w l y  when the  Blot  n u m b e r  v a r i e s  a c c o r d i n g  to 
(44) than  when i t  i s  c o n s t a n t  (T O > T~). 

F o r  a p l a t e  (m = 0) wi th  n u m b e r s  f r o m  (45) we have  f r o m  (49) 

% = 0.212. (52) 

We now c a l c u l a t e  q~(T). Subs t i t u t i ng  into  (39), (44), {45), and (52) fo r  m = 0 we  ob ta in  

r (T) = 0.041 + 0.72T - -  0, t33e -~ -? 0.167e-2L (53) 
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The re la t ive  t e m p e r a t u r e s  of the sur face  and the center  of the c ro s s  sect ion of the plate a r e  now found f r o m  
Eqs. (28), (42), and (43) using 00 f r o m  (46). The r e su l t s  a r e  given in Table  1 which a lso  l i s t s  the r e su l t s  
f r o m  [1, 12]. 

A compara t ive  ana lys i s  shows that the averag ing  of functional cor rec t ions ,  even in f i r s t  a p p r o x i m a -  
tion, is  m o r e  successfu l  than the procedure  given in [1] in approximat ing  the r e su l t s  of the finite dif-  
fe rence  method. 

In addition the exceptional s impl ic i ty  both of the working fo rmulas  and of the calculat ional  p rocedure  
i tself  f r o m  the prac t ica l  point of view dist inguishes our method f rom mos t  other known methods which 
lead to solutions in infinite s e r i e s  by using in tegra l  r ep resen ta t ions  and specia l  functions. 

T(x, t) 
Ta 
To 
0 (~, T) = T(x, t) / T a 

Os(1"), Ocff) 
= x / R  

~- = a t / R  2 

2R 
T O 

a 

x 
~(~) 

Bi(T) = ~ (T)R / 
m 

N O T A T I O N  

is the t e m p e r a t u r e  of the body as  a function of position and t ime;  
is  the ambient  t e m p e r a t u r e ;  
is the initial  t e m p e r a t u r e  of the body; 
is the re la t ive  t empe ra tu r e ;  
a r e  the re la t ive  t e m p e r a t u r e s  of the su r face  and center  of body; 
is the d imens ion less  coordinate;  
is  the d imens ion less  t ime;  
ts the th ickness  of plate or  di i tmeter  of cy l inde r  or  sphere ;  
~s the durat ion of iner t ia l  heating; 
ts  the depth of heating zone; 
is the t he rm a l  diffusivity; 
is  the t h e r m a l  conductivity; 
ts  the h e a t - t r a n s f e r  coefficient; 
ts  the Blot number;  
is  the f o r m  fac tor  of body, equal to 0 for  a plate, 1 for  a cyl inder ,  and 2 for  a 
sphere .  

L I T E R A T U R E  C I T E D  

1. V . V .  Ivanov and V. V. Salomatov, Inzh. -Fiz .  Zh., 9, No. 1 (1965). 
2. I . D .  Semikin, Stal ' ,  Nos. 11-12 (1937); Nos. 4-5  (19~9). 
3. Yu. D. Sokolov, Ukrainsk.  Matem. Zh., 9, No. 1 (1957). 
4. Yu. S. Postol 'n ik ,  Inzh . -F iz .  Zh., 8, No. 1 (1965). 
5. Yu. S. Postol 'n ik ,  Izv. Vuzov. Chernaya Metal lurgiya,  No. 10 (1968). 
6. E. Kamke,  Handbook of Ordinary  Differential  Equations [Russian t ranslat ion] ,  F izmatg iz ,  Moscow 

(1961). 
7. M . M .  Sidlyar,  Pr ik i .  Mekh.,  3, No. 9 (1963). 
8. M . M .  Sidlyar,  in: T h e r m a l  St~-esses in Structural  Elements  [in Russian],  Vol. 3, Kiev (1963). 
9. M . M .  Sidlyar,  Pr ikl .  Mekh., 7, No. 1 (1965). 

10. V . M .  Yudin, in: T h e r m a l  S t r e s s e s  in Structural  Elements  [in Russian],  Vol. 3, Kiev (1965). 
11. V . V .  Salomatov and E. I. Goncharov, Inzh. -Fiz .  Zh., 14, No. 4 (1968). 
12. N . V .  Sokolov, Tr .  TsNIITMASh (1954). 

238 


